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Optofluidic force induction (OF2i) is an optical nanoparticle characterization scheme which
achieves real-time optical counting with single-particle sensitivity and high throughput. In a re-
cent paper [Simié et al., Phys. Rev. Appl. 18, 024056 (2022)], we have demonstrated the working
principle for standardized polystrene nanoparticles, and have developed a theoretical model to an-
alyze the experimental data. In this paper we give a detailed account of the model ingredients
including the full working equations, provide additional justification for the assumptions underlying
OF2i, and discuss directions for further developments and future research.

I. INTRODUCTION

Nanoparticle characterization in dispersion proves to
be a challenging task, in particular for complex and het-
erogeneous particle systems [1]. Effects such as particle
agglomeration and aggregation can lead to highly poly-
disperse or multi-modal systems, thus calling for robust,
accurate and versatile characterization methods [2]. Ex-
isting technologies, such as nanoparticle tracking anal-
ysis [3] or electron microscopy, provide possibilities for
single particle analysis, however, with the bottleneck of
low particle throughput and offline measurements.

The recently introduced optofluidic force induction
(OF2i) technique addresses these problems using the prin-
ciple of optical tweezers in combination with a continuous
flow, in order to perform single particle analysis of poly-
disperse samples in real-time [4]. The physics underly-
ing this scheme is similar to optical tweezer experiments,
where a strongly focused laser beam is used to optically
trap particles in three dimensions. The basic principle
has been pioneered by Arthur Ashkin in 1970, and has
been awarded the Nobel Prize for Physics in 2018 [5].
Optical tweezers allow for precise control of orientation,
position and arrangement of the particles under investi-
gation [6—8]. Besides holding particles in place, a weakly
focused laser beam can also achieve two-dimensional op-
tical trapping, where the particles can move along the
optical axis of the exciting beam. Within the context of
nanoparticle characterizations, this can be employed for
optical chromatography [9].

At the heart of optical tweezers simulations lies the
calculation of the optical forces [10, 11]. These forces
arise from the light-matter interaction of the exciting
laser beam with a particle and the resulting photon mo-
mentum transfer, ultimately leading to a light scattering
problem. While it is well established how such scattering
problems can be solved for usual plane wave excitations
within Mie theory [12], more attention is required when
dealing with higher-order laser modes carrying orbital an-
gular momentum [13-15], such as the Laguerre-Gaussian
beams used in OF2i. Again the light scattering theory

for such exctations has been developed elsewhere [16, 17],
but must be put together with the other ingredients of
a full simulation approach with sufficient care. Here, in
addition to optical forces, viscous drag and thermal fluc-
tuations contribute considerably to the dynamics of a
particle in a liquid medium [18].

In this paper we develop and discuss a four-step
model for the simulation of OF2i, which accounts for
the incoming electromagnetic fields of a Laguerre-Gauss
beam, solves Maxwell’s equations for such excitations
and spherical particles, computes from the solutions of
Maxwell’s equations the optical scattering spectra and
optical forces, and uses Newton’s equations of motion to
simulate the particle trajectories. A number of represen-
tative and prototypical setups are investigated to esti-
mate the importance of the various ingredients entering
our model.

The outline of the paper is as follows. In Sec. II we
present the theory and derivation of the OF2i trajectory
model. The resulting particle trajectories are presented
in Sec. III, and we provide detailed discussions of the
impact of particle refractive indices, sphere sizes, and
Brownian motion. Finally, in Sec. IV we summarize our
results and give an outlook to future work. Some of the
theoretical details are given in the Appendices.

II. THEORY

The basic principle of OF2i is sketched in Fig. 1. The
nanoparticles to be analyzed are immersed in a solution
and are pumped through a microfluidic flow cell. Addi-
tionally, a weakly focused laser beam propagates in the
flow direction. The purpose of this laser is three-fold.
First, the optical forces in the transverse directions x,y
(see Fig. 1) push the nanoparticles to the intensity max-
ima of the laser field, such that particles propagating
sufficiently close to the maxima become trapped in the
transverse directions. Second, the optical forces in the
laser propagation direction z push the particles and lead
to velocity changes depending on size and material prop-
erties. Third, light is scattered off the particles and can
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FIG. 1. Schematics of optofluidic force induction (OF2i).
(a) Nanoparticles to be analyzed are transported through a
microfluidic channel alongside a weakly focused laser beam
with an optical vortex (optical angular momentum m = 2).
The dashed box indicates the region where the field distri-
bution is shown in Fig. 2. The solid box indicates the re-
gion where in panel (b) the field intensity distribution of a
nanosphere with a diameter of 2 um, located at the intensity
maximum, is shown.

be monitored outside the flow cell. By analyzing the
velocity changes of the individual particles being trans-
ported through the focus region, one obtains detailed in-
formation about their properties. The light scattering
intensities and emission patterns provide additional in-
formation, as will be discussed in more detail below.

An important ingredient of OF2i is the use of a
vortex laser beam with an orbital angular momentum
(oAM) [13-15, 19]. Throughout this work we consider
a weakly focused Laguerre-Gaussian laser beam with a
polarization along x, with the electric field [20] (see also
Appendix A)

E(r,¢,2) = Ep(r,2)e™ &, (1)

where m is the so-called topological charge associated
with the 0AM, and &, (r, z) is the field profile in the ra-
dial and propagation directions. The intensity profile of
such a beam is depicted in Fig. 1 for m = 2. Because of
the topological charge, it has a ring-like distribution in
the transverse directions with zero intensity in the center,
and the trapped nanoparticles move along spiral-shaped
trajectories through the focus region. This has the ad-
vantage that nanoparticles can bypass each other more
easily and collisions are strongly surpressed in compar-
ison to laser beams with an intensity maximum on the
optical axis.

In Ref. [4] we have experimentally demonstrated the
working principle of OF2i for an ensemble of standard
polystyrene nanoparticles with well-known size distribu-
tions, and have developed a theoretical model for the
analysis of the experiments. In the remainder of this
section, we give a detailed presentation of the various in-
gredients entering this model. We start by presenting the
theory in its most general form, and then specialize on
the implementations using either Mie theory or a fully
numerical simulation approach.
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FIG. 2. Field distribution in the focus region of the laser, see
also dashed box in Fig. 1(a). The light becomes deflected by
the nanoparticle, through the actio-reactio principle an opti-
cal force (solid lines) is exerted on the particle that leads to a
trapping in the transverse x,y directions and a velocity change
in the z direction. The positions of panels (a—e) are reported
in the panel on the left. We show results for nanospheres
with diameters of 500 and 1000 nm, respectively, the refrac-
tive index is mp = 1.33 for the embedding medium (water)
and n = 1.59 for the nanosphere (polystyrene). Note that in
panels (e) the intensity is low and the fields are hardly visible.

A. Four-step model for OF2i

The theoretical description of OF2i consists of an elec-
tromagnetic part and a particle trajectory part. We first
provide a brief summary of the theoretical ingredients
and then ponder on the details. In the electromagnetic
part, we account for the optical response of the nanopar-
ticles and compute the optical forces and scattering fields,
see also Fig. 2. We start with the incoming fields of
the Laguerre-Gauss laser beam, Fi,., Hinc, which would
be solutions of Maxwell’s equations in absence of the
nanoparticle. In presence of the nanoparticle we addi-
tionally have to consider the scattered fields Egc., Hsca,
which are chosen such that the boundary conditions of
Maxwell’s equations are fulfilled at the particle boundary.
The sum of incoming and scattered fields then provides
us with the total fields, which are the proper solutions of
Maxwell’s equations. From the deflection of the incoming
fields we can compute the optical force Fi,p¢, as shown in
Fig. 2 and discussed in more detail below. In the parti-
cle trajectory part, we consider a Newton’s equation of



motion for the nanoparticle,
mr = Fopt (T') + Fdrag + Fiioch (2)

where m is the mass of the particle, which might in-
clude the added mass due to the fluid [21, Sec. 4.15],
r is the particle position, Fyr.e the drag force of the
particle moving through the fluid, and Fyioen accounts
for the stochastic fluid forces that are needed according
to the fluctuation-dissipation theorem to counterbalance
the drag forces [22]. By successively computing the op-
tical forces and updating the particle position according
to Eq. (2), we obtain the nanoparticle trajectories. Alto-
gether, the theoretical model for OF2i can be broken up
into the following four steps.

1. Provide an expression for the incoming electromag-
netic fields of the Laguerre-Gauss laser beam.

2. Solve Maxwell’s equations in presence of the
nanoparticle, using either an analytical or numeri-
cal approach. This step provides us with the scat-
tered electromagnetic fields.

3. Use the total fields, this is the sum of incoming and
scattered fields, to compute the optical force acting
on the nanoparticle at a given position.

4. Use Newton’s equation of motion including optical
and microfluidic forces to obtain the particle tra-
jectory.

In this work we will establish the methodology for this
four-step model and discuss results of representative sim-
ulation setups. In the future we plan to extend this model
by tracing the scattered electromagnetic fields through
the imaging system, which will allow us a most direct
comparison with the experimental results. For complete-
ness, we here list the additional steps that will be needed
to simulate the imaging system.

5. Propagate scattered electromagnetic fields through
glass boundaries of microfluidic flow cell.

6. Simulate imaging of scattered electromagnetic
fields, using for instance the approach of Richards
and Wolf [23-25].

We start by discussing the electromanetic part of our sim-
ulation approach. The power scattered by the nanoparti-
cle is computed from the flow of scattered energy through
the nanoparticle boundary [26]

1
Psca = 5% Re (Ey, x H,) -da, (3)
ov

where OV is the particle boundary with the infinitesi-
mal boundary element da. In deriving this expression
we have assumed the usual time harmonic dependence
e~ ™ for the electromagnetic fields and have averaged
over an oscillation cycle. Eq. (3) gives an estimate of

how bright the nanoparticle appears in an imaging sys-
tem, although a detailed analysis should additionally in-
clude the emission pattern of the scattered fields and the
aforementioned deflection of these fields through lenses.

Similarly, the transfer of momentum from the elec-
tromagnetic fields to the nanoparticle, this is the op-
tical force, can be computed from the net flux of mo-
mentum carried by the electromagnetic fields through
the nanoparticle boundary and by utilizing momentum
conservation in the composite system formed by the
nanoparticle and the electromagnetic fields. This is, the
inbalance of electromagnetic flux through the nanoparti-
cle boundary provides us with the momentum transferred
from the fields to the nanoparticle. For time harmonic
electromagnetic fields and by averaging over an oscil-
lation cycle, we obtain under the assumption of quasi-
stationarity, where the nanoparticle motion is negligible
on the time scale of the field oscillations, the expres-
sion [10, 11, 25, 27)

1 <1 g
FOpt:i% Re |:9 —2]1131'(0):| -da . (4)
oV

The term in brackets is Maxwell’s stress tensor account-
ing for the momentum density flow of the electromagnetic
fields, with [26]

where ¢ and p are the permittivity and permeabil-
ity of the embedding background medium, respectively.
Egs. (3) and (4) are the central expressions for the elec-
tromagnetic part of our theoretical modeling, and can
be evaluated once the electromagnetic fields are at hand.
Note that the expression for the optical force can be easily
generalized to obtain optical torques acting on nanopar-
ticles, which is of importance for non-spherical particle
geometries [10, 11, 25].

For the trajectory part, we consider for the force on a
small sphere moving with veclocity v through a viscous
fluid the usual Stokes’ drag valid for a creeping flow with
a Reynolds number much smaller than one [28]

Fdrag - _671—/14Rhyd ('U - vﬁuid) 3 (6)

where vgyiq is the velocity of the fluid and p the dynamic
viscosity. In this work we set for simplicity Ryyaq to the
radius of the sphere, but in general this hydrodynamic
radius might differ from the radius entering the optical
calculations [29]. We will address this point in future
work.

For sufficiently large spheres, say for diameters above
10 nm, the momentum relaxation time is so short that
we can approximately set © & 0 [30]. Also the stochastic
forces don’t play a decisive role for larger spheres, as will
be discussed in Sec. III C. The nanosphere’s velocity v is
then obtained from the condition that the optical force
is balanced by the drag force, and we get

FOP'C(T) (7)

V(T) = Vfui .
( ) fAuid + 67TT]Rhyd
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FIG. 3. Schematics of optical simulation approach. The in-
coming fields of the vortex laser are expanded in vector spher-
ical harmonics (VSH), and are used together with the Mie coef-
ficients to compute the scattered electromagnetic fields. Once
the incoming and scattered fields are at hand, we can compute
optical response properties such as the scattered light or the
optical forces. In the right panel we show the z-component
of the force density, this is the integrand of Eq. (4), on the
sphere boundary.

We emphasize that our model contains no free parame-
ters, and all laser, fluid, and nanoparticle parameters can
be inferred in principle from experiment.

B. Mie theory

Mie theory provides an efficient and versatile method
for solving Maxwell’s equations for spherical nanoparti-
cles [12], as schematically depicted in Fig. 3. The basic
idea is to expand the electromagnetic fields in a complete
basis with spherical symmetry. The transverse fields can
be expanded using [25, 26]

Zg(k’l”)ngm(a, ¢) y V x Zg(k’l")X&m(e, ¢) s (8)
where z;(kr) are spherical Bessel or Hankel functions, k is
the wavenumber of the medium, and Xy ,,, are the vector
spherical harmonics. The angular degree and order are
denoted with ¢ and m, respectively. The basis of Eq. (8)
has the advantage that field matching at the nanosphere
boundary can be done easily and seperatly for each pair
of ¢, m. Unfortunately, Mie theory is often complicated
by the fact that the definitions of the various functions
are not unique and different choices have been adopted
in the literature, such that it is often difficult to compare
results. We here largely follow the definitions given in [16,
25, 26]. For the incoming fields we choose spherical Bessel
functions, which become plane waves at large distances
kr > 1. The incoming electromagnetic fields can then
be expanded via

i . i inc .
Eie =) [bz?;yexe,m + el V ]eXe,m] Z

Lm

inc { inc .
Hye =) |:a£,m.]€X€,m = bemV % JeXe,m] , (9)

l,m

where Z is the impedance and a}s,, by, are the coeffi-
cients to be determined for specific incoming fields. Sim-
ilarly, for the scattered fields outside the nanoparticle we

choose spherical Hankel functions, which become outgo-
ing spherical waves at large distances,

Eca=-) [bjfﬁlhf)Xg,m A h,g”Xg,m] z

lm

7
Hyo=—)_ {aj%h@l)X&m — bV % h§1>Xz,m] . (10)

Lm

These scattered fields are uniquely determined upon
knowledge of the coefficients a3, b3%%. Additionally,
we need the scattered electromégnetié fields inside the
nanosphere, which are identical to Eq. (10), however,
with the replacement of the spherical Hankel by spherical
Bessel functions that remain finite at the origin, and with
different coeflicients ¢;, , iy, . Below we will discuss how
the scattering coefficients can be obtained through field
matching at the sphere boundary.

For the incoming fields we consider a weakly focused
Laguerre-Gauss laser beam and employ the paraxial ap-
proximation [20], which is well justified for our case of
weak focusing. The explicit expressions are given in Ap-
pendix A. In [16] the coefficients al"¢,, bi*¢, were com-
puted by matching the incoming fields and the Mie ex-
pansion of Eq. (9) in the far-field limit. We here proceed
somewhat differently and compute the coefficients using

the field values on the sphere boundary [25, Eq. (E.5)]

N Z7k .

agmje(kR) = 775(4 Y Y [r - Eipe(r + 'rg)] dQ
inc - k *

bimde(kR) = 7£(€+ 0 %}/Z,m [7‘ - Hine(r + 7‘0)} s,

(11)

where the integrals extend over the unit sphere, and r
is a position determined by the unit sphere angles and
located on the sphere with radius R. In Mie theory, the
coefficients have to be computed for a reference frame
where the sphere center is in the origin. As the incoming
electromagnetic fields are defined in a reference frame
where the focus is the origin, we have to translate r by the
center position r( of the nanosphere. The computation of
the integrals can be considerably accelerated by using an
equidistant grid for the azimuthal coordinate and noting
that the resulting integral can be computed using the fast
Fourier transform [31]. The remaining integral over the
polar angle is computed by means of a Legendre-Gauss
quadrature. The implementation of Eq. (11) can be easily
tested for an incoming plane wave through comparison
with the resulting analytic expressions [26, Eq. (10.53)].

The computation of the scattered fields is particularly
simple within Mie theory because each pair of angular
degrees and orders £, m can be handled separately. Field
matching is accomplished through the so-called Mie co-



efficients [12, 25]

0 = Zayhe(w1 )by (x2) — Z13hy(w1)1he(2)
Zope(x1)€)(22) — Z19y(21)Ee(2)

by — Zoby(w1)e(x2) — Z19pe(w1)by(22) (12)
Zoy(x1)&e(22) — Z1tpe(21)E) (22)

with ki, ko being the wavenumbers of the medium in-
side and outside the nanosphere, respectively, and 77,
Zs the corresponding impedances. We have introduced
the abbreviation x = kR and the Riccati-Bessel func-
tions y(x) = xje(x), &(x) = xhél)(x), where a prime
indicates the derivative with respect to . With the Mie
coefficients, the scattered and incoming fields can be re-
lated through

sca __
lm —

o = b b, (13)

a agagyy, tom
Thus, the entire solution of Maxwell’'s equations for
spherical particles is embodied in the Mie coefficients of
Eq. (12), where the matching of fields at the particle
boundary has been explicitly worked out. Mie theory
can be also used to compute the optical forces from the
incoming and scattering coefficients only. We here fol-
low the approach of [17] where analytic expressions are
derived. Appendix B gives the explicit formulas used in

this work.

C. Boundary element method

We additionally performed simulations using a fully
numerical Maxwell solver. In this work these simulations
are mainly used for testing purposes to check the proper
implementation of our Mie theory. However, in future
work such an approach might be useful for the investi-
gation of non-spherical or coupled particles. We employ
our home-made NANOBEM solver [32] which is based on
a boundary element method (BEM) approach that can be
easily adopted for the nanospheres under study. Details
of the approach and typical runtime examples are dis-
cussed in some length in [32]. In the present work we use
the optforce function of the galerkin.solution class
in order to directly compute the optical forces. Results of
our BEM simulations will be presented in the next section.

III. RESULTS

Using the methodology developed in the previous sec-
tion, we performed simulations with the same parame-
ters as previously used in [4]. We consider a Laguerre-
Gaussian beam with a topological charge of m = 2, a
beam waist of wy = 4.78 pm for the fundamental Gaus-
sian beam, a wavelength of A = 532 nm, and a power of
1.65 W. For details of the incoming laser fields see Ap-
pendix A. The fluid velocity is set to vauig = 0.3 mm/s
and we use material parameters representative of water,
namely a dynamic viscosity of = 9.544 x 10~* Pas and
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FIG. 4. Optical force F, F, in the focus plane z = 0 and for
a nanosphere with a diameter of 500 nm. We compare results
for different computation schemes. Mie(fmax) report results
for Mie theory with the cutoff number ¢,,4, for the angular
order and for the incoming fields computed within the parax-
ial approximation given in Appendix A. farfield gives the
results for the approach of [16] where the fields are matched
in the farfield, for details see text. BEM reports results derived
with our NANOBEM Maxwell solver based on a boundary ele-
ment method approach. For the sphere discretization we use
796 boundary elements, for details see [32]. The region shaded
in gray reports the intensity of the Laguerre-Gauss laser beam
in arbitrary units. As apparent from the figure, the optical
force in the propagation direction F(z) directly follows the
intensity profile.

a refractive index of n, = 1.33. The refractive index of
the nanospheres is set to n = 1.59, a value representative
for polystyrene, if not noted differently.

Figure 4 reports results for the optical force in the fo-
cus region. The force F, in the longitudinal direction is
largest at the intensity maxima of the vortex beam, see
Fig. 1. There the sphere is pushed in the positive z direc-
tion leading to the velocity enhancements to be discussed
below. The force F}, in the transverse direction leads to
trapping along x, and vanishes at the trapping positions
+wq, where the intensity and F, is largest. Additionally,
there is an unstable equilibrium position at = 0 where
no force is present because of the ring-like intensity pro-
file of the vortex beam. In the figure we compare different
computation schemes, namely Mie theory with different
cutoff numbers for the angular order, the determination
of the incoming Mie coefficients using either Eq. (13)
or the scheme presented in [16], and a fully numerical
approach based on the boundary element method. All
schemes give indistinguishable results, thus demonstrat-
ing the accuracy and robustness of our approach.

Figure 5 shows as function of the angular degree ¢ the
absolute values of the incoming and scattered Mie coeffi-
cients for a nanosphere with 1000 nm diameter, which is
trapped in the focus plane. With increasing ¢ the incom-
ing coeflicients increase, whereas the Mie coefficients of
Eq. (12) decrease (not shown). The scattering coefficients
of Eq. (13) are the product of the incoming and Mie coef-
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FIG. 5. Absolute values of incoming and scattering Mie co-
efficients, and of force F. as a function of angular degree /.
We consider a sphere with 1000 nm diameter at the trapping
position in the focus plane. For the incoming Mie coefficients
we plot ) (’a}nfn| + ‘b’[‘fm ), with a similar expression for
the scattering coefficients. The contributions are scaled such
that the sum of the scattering coefficients gives one. For the
optical force, we report the increments |F.(¢) — F, (¢ — 1)| for
different degrees ¢. The force contributions are scaled such
that the sum gives one.

ficients, which have a maximum at ¢ = 6 for the diameter
under investigation, and then drop rapidly. A similar be-
havior is observed for the optical force F,, the explicit
expressions are given in Appendix B. In what follows,
we choose a conservative cutoff number ¢,,, = 30 for
the angular degree, which provides a good compromise
between fast simulations and highly accurate results.

Figure 6 shows results for the nanosphere trajecto-
ries as obtained with the four-step model introduced in
Sec. ITA. We compare laser excitations (a—c) with and
(a*—c*) without an optical vortex, as well as sphere di-
ameters of (a) 250, (b) 500, and (c) 1000 nm. Let us
start by analyzing the sub-figures of the various panels
in slightly more detail. In (1,2) we show selected tra-
jectories. Initially, the spheres are located at postions
(z,0, zp) sufficiently far away from the focus (z =0) in a
region where the optical forces are weak and can be ne-
glected. The nanoparticles are then transported through
the fluid into regions of larger field strength, where some
of them become trapped in the transverse directions. The
velocity changes of the trapped nanospheres in the laser
propagation direction z are shown in (3). The color of
the trajectories and velocities corresponds to the scatter-
ing power of Eq. (3), see (4) for the color code in arbi-
trary units. It is apparent that trapped particles scatter
more light and appear significantly brighter in an imag-
ing system. In the focus region, the scattered power of
the trapped spheres with a diameter of 250 nm is at least
three orders larger than that of the untrapped ones, and
at least five orders for the larger spheres. Additionally,
only the trapped particles experience noticeable veloc-
ity changes. The red dots in (1) indicate those particles

which are trapped in the focus plane z = 0. As can be
seen, some spheres become trapped after the focus plane.

When comparing the results for different sphere di-
ameters in panels (a—c) of Fig. 6, we observe that with
increasing diameter (i) more particles become trapped
and (ii) experience larger velocity enhancements. This
can be attributed to the larger optical forces for larger
nanoparticles. We also find that (iii) the trajectories
of all trapped particles are practically indistinguishable,
and (iv) the deflection of the particles out of the zz-
plane increases with increasing diameters [see panels (2)].
This is due to the orbital angular momentum transferred
from the vortex laser to the nanospheres. Finally, (v)
also the scattering power increases with increasing diam-
eter. All these observations are supported by the exper-
imental findings reported in [4], and suggest a dynamics
where the nanospheres become first trapped in the trans-
verse directions, and then propagate along the intensity
maxima of the focused laser in presence of almost iden-
tical optic and fluidic forces through the focus region.
Note that in typical experiments the nanoparticles ini-
tially don’t propagate in a single plane but are randomly
distributed, correspondingly they are also randomly dis-
tributed in the focus region around the circular intensity
maximum distribution of the vortex beam. This leads to
the aforementioned suppression of collissions and block-
age in comparison to laser excitations with an intensity
maximum on the optical axis.

To make this point more explicit, in panels (a*—c¥*)
we report results for a Laguerre-Gauss excitation with
zero topological charge, m = 0, this is, for an excitation
without an OAM. The trajectories are similar to the pre-
vious ones, with the exception of the larger velocity en-
hancements attributed to the higher field strengths of the
focused laser without a vortex. Additionally, we observe
(2) that all particle trajectories are bound to the xz-plane
because of the missing 0OAM. Owing to the laser intensity
distribution that has a maximum at the z-axis for m = 0,
all trajectories are located on the z-axis around the focus
regions, thus leading to particle collisions and blockage.

In what follows, we investigate the ability of OF2i to in-
fer from the observed velocity changes the size and mate-
rial composition of the nanospheres. We here only discuss
the impact of these parameters and leave the problem of
how to solve the inverse problem, namely the determina-
tion of size, material, and possibly geometry, to future
work.

A. Refractive index of nanospheres

Figure 7 shows the maximal velocity in the focus re-
gion for dielectric nanospheres with different diameters
and refractive indices (see inset). In all simulations we
use water with an refractive index of n, = 1.33 for the
embedding medium. For the smallest refractive indices of
the nanospheres, say for n < 1.6, the maximal velocity in-
creases monotonically with increasing diameter, at least
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FIG. 6. Trajectories and velocities for nanospheres with different diameters and for laser beams (a—c) with and (a*—c*) without
an optical vortex. In each panel, we report selected trajectories in the (1) zz and (2) xy plane, (3) the nanoparticle velocities
as a function of propagation length z. The colors of the line segments scale with the total scattering power of the spheres,
given in arbitrary units with the colorbar reported in panel (4). Trapped particles scatter more light and can be observed more

easily.

for the sphere sizes under investigation. In this regime it
is thus possible to directly correlate the observed velocity
enhancement with the particle diameter, as we have pre-
viously done in [4]. Things somewhat change for larger
nanospheres where the optical response is governed by
Mie resonances supported by the spherical nanoparticles.
Correspondingly, beyond a certain cutoff diameter the

maximal velocity no longer simply increases with increas-
ing diameter, but exhibits a more complicated resonance
behavior.

For nanoparticles with larger refractive indices and/or
larger particles in the micrometre range, in general it thus
might be useful to analyze more carefully the light scat-
tered off the nanoparticles. In Fig. 8 we show the emis-
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FIG. 7. Maximal velocity in the focus region for nanospheres
with different diameters and refractive indices (see inset).
For larger refractive indices the velocity increases non-
monotonically because of Mie resonances supported by the
spheres.

sion pattern of nanospheres with different diameters and
refractive indices. With increasing diameter the emis-
sion pattern sharpens into the forward direction (note
that in the plots we use a logarithmic scale), however,
at the same time the emission into other directions be-
comes strongly structured and provides detailed informa-
tion about the nanosphere properties. Using Fraunhofer
diffraction and Mie scattering approaches, the character-
ization of particle sizes upon knowledge of the refractive
indices of the nanoparticle and the embedding medium is
a well established technique [33]. A more refined model-
ing of imaging within 0F2i would be needed (steps 5 and
6) to address the question whether the viable nanoparti-
cle parameters can be uniquely extracted using this ad-
ditional information.

B. Active volume

When inferring the particle number distribution from
OF2i measurements, we have to account for the fact that
larger particles become trapped more easily than smaller
ones, owing to the increase of optical forces with increas-
ing particle size. See for instance the red dots in pan-
els (1) of Fig. 6 for those particles which are trapped in
the focus plane. Recall that in our simulations we start
with an initial position (z,0, zg) for the particles, where
the propagation distance zq is located in a region where
the optical forces are negligible (we use zp = —1 mm).
Subsequently, the particles are transported by the fluid
into regions of larger field intensities, where they become
trapped and experience the velocity changes previously
discussed.

150
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180
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210 330 210 330

FIG. 8. Normalized emission pattern for nanospheres with
diameters of (a) 250, (b) 500, (c) 1000, and (d) 2000 nm. We
use a logarithmic scale in the radial direction and refractive
indices of 1.4, 1.6, 1.8, 2.0, with the same color code as in
Fig. 7. All plots are scaled to the respective maxima of the
emission patterns. In all cases the nanospheres are located in
the focus plane at the trapping position around the intensity
maxima of the vortex laser.

In Figure 9 we show the velocities in the focus plane
as a function of transverse starting position x and sphere
diameter, and for different refractive indices. We observe
that particles become either trapped or not, and for a
given diameter and refractive index all trapped particles
are transported with the same velocity through the focus
plane. This observation agrees with the velocity curves
shown in panel (3) of Fig. 6. When measuring particle
size distributions one has to account for the different cut-
off parameters for trapping eyt (R, n), which depend on
particle radius R and refractive index n. For starting po-
sition x < x.y particles are trapped in the focus plane,
for © > x.yt the optical forces are too weak for trapping.
As previously discussed in [4], one can define an active
volume

Vactive (R, ’/l) = {W‘Tgut (R7 TL):| Vfluidtmeas » (14)

where the term in brackets is the cross section in the
transverse direction, and vguiqtmeas 1S the size of the sam-
pling volume along the propagation direction in the mea-
surememt time t;,eas. Lhe active volume corrects for the
fact that larger particles are trapped more easily and are
observed more frequently in comparison to smaller parti-
cles. For Nyyeas velocity counts within ¢y,6,5, the particle
density is then proportional to Nmeas/V,ciive.

C. Stochastic forces

We finally comment on the influence of stochastic
forces and Brownian motion, which are known to have
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FIG. 9. Velocity in focus region for different transverse start-
ing positions x and diameters, as well as for different refractive
indices. In all simulations the particles start at (z,0, z9) in
a region where the optical forces are negligible. Particles be-
come either trapped or not (gray region), where all trapped
particles are transported with the same velocity through the
focus region. With increasing sphere diameter more particles
become trapped, owing to the increase of optical forces for
the larger particles.

an important impact for optical tweezers and related ex-
periments. The necessity for considering such forces was
first noticed in the groundbreaking paper of Albert Ein-
stein on Brownian motion [34]. In our implementation
of a stochastic force term we closely follow Ref. [18]. We
first compute the drift velocity v using Eq. (7) and then
update the position according to [18, Eq. (18)]

kpTot\
r(t + At) ~ 7(t) + vAt + ( ol ) W, (15

where At is the computational timestep, kp is Boltz-
mann’s constant, T is the temperature, R is the sphere
radius, and W, W,, Wz are normally distributed ran-
dom numbers with a variance equal to one, as obtained
for instance by the MATLAB function randn. The time
step At has to be chosen sufficiently small such that the
optical forces at r(t) and r(¢t + At) do not differ signifi-
cantly. In all our simulations we used a value of At =1
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FIG. 10. Velocities (left) and trajectories (right) as a func-
tion of propagation distance, with (thick lines) and without
(thin lines) consideration of Brownian motion and for different
sphere diameters (see inset). We use different colors for the
different starting positions of the spheres. For the Brownian
motion the velocity v = 22/t is defined as the ratio between
the propagation distance Az travelled by a particle in a time
interval At = 0.01 s and the time interval At. r = /22 4 y?
is the transverse distance. For the smallest diameter shown
in panel (a) the stochastic forces are of equal strength than
the optical forces. For the larger diameters shown in panels
(b—d) only the positions where the particles become trapped
are somewhat altered by the Brownian motion. Once they
are trapped, they essentially follow the trajectories previously
discussed for simulations without stochastic forces.

ms and a temperature of T' = 293 K.

Fig. 10 shows results for simulations including stochas-
tic forces. Let us first concentrate on the results for
spheres with a sufficiently large diameter, say panels (b—
d). In contrast to simulations without stochastic forces
(thin lines), the velocity curves exhibit fluctuations that
decrease with increasing diameter, and the motion in the
transverse direction is altered in regions of weak optical
forces. Once particles are trapped, they follow along the
intensity maxima of the laser along trajectories that are
very similar to the ones we have previously discussed. As
in OF2i experiments predominantly the trapped particles
can be observed, stochastic forces typically have no cru-
cial impact on the observed particle trajectories. Things
are somewhat different for the smallest spheres, where
the stochastic forces are of equal strength than the op-



tical forces, and trapping can only be observed close to
the focus region. Such behavior is not found in experi-
ment where spheres with a diameter of 200 nm are clearly
trapped. We attribute this diagreement to our simplified
choice of the hydrodynamic radius in Eq. (7), and will
analyze this point in more detail elsewhere.

IV. SUMMARY AND OUTLOOK

To summarize, we have presented a four-step model for
the theoretical description of OF2i, which accounts for
the nanoparticle propagation in a microfluidic channel in
presence of laser excitation. The approach is currently
based on Mie theory but can be extended with moder-
ate computational overhead to full Maxwell solvers, us-
ing for instance the boundary element method, in order
to simulate non-spherical or coupled particles. We have
investigated the influence of particle size, refractive in-
dex, and Brownian motion on the observed trajectories
and velocity enhancements. Quite generally, our results
support the unique measurement capabilities of OF2i for
single-particle tracking with high throughput.

OF2i measurement results provide additonal informa-
tion such as the emission pattern, which might be used
in future work to extract further properties of the parti-
cles to be analyzed. With this additional information we
might overcome the difficulties regarding Mie resonances,
in particular for particles with larger refractive indices,
which currently lead to a problematic non-monotonic re-
lation between sphere diameter and velocity enhance-
ment. It will be also interesting to see how our con-
clusions become modified for non-spherical particles or
particles with no sharp interfaces.

From the experimental side, we plan to investigate
shorter Rayleigh ranges where smaller particles can be
trapped more easily, as well as different polarization
states of the incoming laser. For small particles the is-
sue regarding geometric and hydrodynamic radius should
be addressed with greater care. We also expect that for
absorbing particles heating effects and the resulting pho-
tophoretic forces must be taken into account. This leaves
us with a relatively large to-do list for the future. How-
ever, the four-step model introduced in this work pro-
vides us with a solid and versatile machinery for future
investigations.
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Appendix A: Fields of Laguerre-Gauss beam

The electromagnetic fields for a Laguerre-Gauss laser
beam within the paraxial approximation are taken
from [20] and are repeated in this Appendix for the sake
of completeness. Let m be the topological charge of the
vortex beam and wg the beam waist. The radial index
is set to n = 0 throughout. The wavenumber of the em-
bedding medium is k. We introduce the Rayleigh range

1
ZR = ikwg (A1)

and the z-dependent waist

w(z) = wo/14 (2, (A2)

where ( = =. We next define [20, Eq. (3)]

zZr "

1 r S|
ug = ex — e
T T P T \wo ) 11ic

together with

(A3)

w(z)

The electric field is then given through [20, Egs. (35,37)]

Uy, = <\/§T> exp [im (gb — tan~! C)] . (A4)

E, = Augu,e'™? (A5)
m(z + iy) ix dix "
B, = _ L
( kr2 iz—zrp  kw? Hotime

Here A is the amplitude of the laser beam. Similarly, the
magnetic field reads [20, Eqs. (39,49)]

ZH, = Augu,e™* (A6)
m(iy — x) iy 4iy "
ZH, = - — 2 Augu,, e .
( kr? iz — 2R ka) Hottme

Appendix B: Optical forces within Mie theory

In this Appendix we give the expressions for the optical
forces in terms of Mie coefficients [17]. A few modifica-
tions arise due to the different notations adopted in this
work. We first introduce the abbreviations

1 \/(€+m+2)(€+m+1

A — 00 +2)
(+1

Q(+1)(20+3
A 1 \/(£—m+2)(€—m+1

0t +2)

~ | ~— | —

VS 0+ 1)(20+3

VI+m+1)(0—m)
00+1)

AB) —




as well as
A _ L [—mt (et m 4 DL+ 2)
U+ (20 +1)(2¢ + 3)
2__Mm
= e+1)°

The expressions given in [17, Eq. (29a)] can then be writ-
ten in the compact form

_ 1) sca sca x inc sca * sca ,inc*
f - A( [2al,maé+1,m+1 + a@,ma€+1,m+1 + aé,maf+1,m+1}

(1) ca zsca * inc zsca * sca zinc *
+ A Qbéﬂn 4+1,m+1 + béﬂnbf-i-l,m-‘rl + b@,mbf-l-l,m-‘rl]
2) sca, sca * inc sca * sca, inc*
+ A( 20‘Z+1,m71a£,m + aéJrl,mflaZ,m + al+1,mfla’l,m
sca sca * inc sca * sca inc
b€+1,m—1 l,m + bé+1,m—1b€,m + €+1,m—1b£,m ]

(3) sca psca * inc zsca* sca zinc
+ A Qa’f,m lm~+1 + aZ,m Lm—+1 + a‘l,m Z,m+1]

— A®)

inc *

sca
+ bé,maé,m-&-l] .

sca *x

sca sca *
Qb&maé,m-&-l

[
[
+A® 2
[
[ + Ot

]
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Similarly, we obtain [17, Eq. (29b)]

_ 1 sca sca * inc sca * sca inc *

fz - A,(z ) [2a2+1,mal,m + a£+1,ma£,m + a[+1,ma£,m ]
(1) sca sca * inc sca *

+ Az [2b2+1,mb + bE-i—l,me,m +

l,m

(2) sca sca k inc scak
+ Az [le,mal,m +bl,mal,m

sca inc *
@-i—l,mbf,m ]

sca inc*
+ b[,maé,m ] .

€o

- 2k?

With these expression the optical force becomes
L1 N .
Fop = [f]& — SRe[f] g+ Imf.] 2

L
(21 (B1)

In setting up our Mie code with the above formulas we
found it particularly useful to additionally perform BEM
simulations for excitations with a single £, m term, and to
compare the BEM and Mie results. With this comparison
it is then relatively easy to check the proper implemen-
tation of the various contributions governing Fopy.
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